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ROBUST FINITE VOLUME SCHEMES FOR TWO-FLUID PLASMA
EQUATIONS
REMI ABGRALL AND HARISH KUMAR
Abstract. Two-fluid plasma equations are derived by taking moments of Boltzmann equa-
tions. Ignoring collisions and viscous terms and assuming local thermodynamic equilibrium we
get five moment equations for each species (electrons and ions), known as two-fluid plasma
equations. These equations allow different temperatures and velocities for electrons and ions,
unlike ideal magnetohydrodynamics (MHD) equations.
In this article, we present robust second order MUSCL schemes for two-fluid plasma equa-
tions based on strang-splitting of the flux and source terms. The source is treated both
explicitly and implicitly. These schemes are shown to preserve positivity of the pressure and
density. In the case of explicit treatment of source term, we derive explicit condition on the
time step for it to be positivity preserving. The implicit treatment of the source term is shown
to preserve positivity, unconditionally. Numerical experiments are presented to demonstrate
the robustness and efficiency of these schemes.
1. Introduction
Equations of magnetohydrodynamics (MHD) are frequently used to model plasma flows. These
equations combine the Euler equations for compressible flow with Maxwell’s equations for mag-
netic fields and assume quasi-neutrality of the plasma i.e. the difference in number density of
ions and electrons is ignored. However, in many applications like fast magnetic reconnection, the
assumption of quasi-neutrality is violated. In such cases, one resorts to extended MHD models.
A popular model consider the flow of two different species, one electron and one ion, separately.
1
2 REMI ABGRALL AND HARISH KUMAR
This results in the so-called two fluid plasma equations (see [9], [15]). In non-dimensional con-
servative variables these equations can be written as:
∂ρi
∂t
+∇ · (ρivi) = 0,(1.1a)
∂(ρivi)
∂t
+∇ · (ρiviv>i + piI) = 1
lˆr
ρi(E + vi ×B),(1.1b)
∂Ei
∂t
+∇ · ((Ei + pi)vi) = 1
lˆr
ρi(E · vi),(1.1c)
∂ρe
∂t
+∇ · (ρeve) = 0,(1.1d)
∂(ρeve)
∂t
+∇ · (ρevev>e + peI) = −m
lˆr
ρe(E + ve ×B),(1.1e)
∂Ee
∂t
+∇ · ((Ee + pe)ve) = −m
lˆr
ρe(E · ve),(1.1f)
∂B
∂t
+∇×E + κ∇ψ = 0,(1.1g)
∂E
∂t
− cˆ2∇×B + ξcˆ2∇φ = − 1
λˆ2d lˆr
(riρivi + reρeve),(1.1h)
∂φ
∂t
+ ξ∇ ·E = ξ
λˆ2d lˆr
(riρi + reρe),(1.1i)
∂ψ
∂t
+ κcˆ2∇ ·B = 0.(1.1j)
Here, the subscript {i, e} refers to the ion and electron species respectively, ρ{i,e} are densities,
v{i,e} = (vx{i,e}, v
y
{i,e}, v
z
{i,e}) are velocities, E{i,e} are the energies, p{i,e} are the pressures, B =
(Bx, By, Bz) is the magnetic field, E = (Ex, Ey, Ez) is the electric field, φ, ψ are the potentials
and ξ, κ are the speeds for Maxwell equations. Also, rα = qα/mα, α ∈ {i, e} are the charge-mass
ratios and m = mi/me is the ion-electron mass ratio.
Several physically significant parameters appear in the non-dimensionalized form (1.1). Here,
lˆr =
lr
x0
=
miv
T
i
qiB0x0
is the normalized ion Larmor radius, cˆ = c/vTi is the normalized speed of
light and λˆd = λd/lr =
√
0vT2i /n0qi/lr is the ion Debye length normalized with Larmor radius.
Also, vTi is the reference thermal velocity of ions, B0 is the reference magnetic field and x0 is the
reference length. Ion mass mi is assumed to be 1. In addition, we assume that both the ion and
the electron satisfies following ideal gas law:
(1.2) Eα = α + 1
2
ρα|vα|2, α = pα
γ − 1 , α ∈ {i, e}.
with γ = 5/3. Eqns. (1.1a)-(1.1c) represent the conservation of mass, momentum and energy
for the ions. The source term in (1.1b) is Lorentz force acting on ions due to the electric
and magnetic fields. Similarly, Eqns.(1.1d)-(1.1f) represent conservation of mass momentum and
energy for electrons. Eqns. (1.1g)-(1.1j) are the perfectly hyperbolic Maxwell’s (PHM) equations
(see [14]). These equations satisfy the divergence constraint approximately and are consistent
with the hyperbolic structure of the fluid equations. Note that, when the Larmor radius lˆr → 0,
the two-fluid model approaches the MHD limit. Similarly, for lˆr → ∞, (1.1) reduces to Euler
equations for ions and electrons.
The system of two-fluid plasma Eqns. (1.1) is a system of balance laws of the form,
(1.3) ut +∇ · f(u) = s(u),
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with, the vector of non-dimensional conservative variables,
(1.4) u = {ρi, ρivi, Ei ρe, ρeve, Ee B,E, φ, ψ}>.
The flux can be divided into three independent parts as,
(1.5) f(u) =
 fi(ui)fe(ue)
fm(um)
 with fα =
 ραvαραvαv>α + pαI
(Eα + pα)vα

where uα = {ρα, ραvα, Eα}>, α ∈ {i, e}, um = {B,E, φ, ψ} and I is a 3 × 3 identity matrix.
Maxwell flux is given by,
(1.6) fm(um) =

T (E) + κψI
−cˆ2T (B) + ξcˆ2φI
ξE
κcˆ2B
 , where T (A) =
 0 Az −Ay−Az 0 Ax
Ay −Ax 0
 ,
for any vector A = (Ax, Ay, Az). These three components are coupled via source term,
(1.7) s(u) =

0
1
lˆr
ρi(E + vi ×B)
1
lˆr
ρi(E · vi)
0
−m
lˆr
ρe(E + ve ×B)
−m
lˆr
ρe(E · ve)
03×1
− 1
λˆ2d lˆr
(riρivi + reρeve)
ξ
λˆ2d lˆr
(riρi + reρe)
0

,
We are interested in the solutions u : R3 × R+ → Ω, of (1.3), belonging to the physically
admissible set,
(1.8) Ω =
{
u ∈ R18; ρα > 0 and α > 0 for α ∈ {i, e}
}
.
First, we state the following result,
Lemma 1.1. The system (1.3) is hyperbolic for all u ∈ Ω with the eigenvalues,
(1.9) vα ± aα, vα, α ∈ {i, e}, ±c, ±ξc, ±κc.
with aα =
√
γpα/ρα. Furthermore, the eigenvalues vα ± aα is associated with a genuinely non-
linear fields, while all other eigenvalues are associated with linearly degenerate fields.
Proof. The proof follows from analysis of Euler equations and perfectly hyperbolic Maxwell
equations. 
Note that, if we ignore source terms, than the physical solutions of (1.3) are in Ω. Next result
shows that, this is also true when we take source terms in to considerations.
Lemma 1.2. The source term is Ω-invariant i.e. given initial condition u(0) ∈ Ω, the solution
u(t) of source ODE
du
dt
= s(u),
is in Ω. Furthermore, the source terms are oscillatory and energy conservative.
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Proof. Let us ignore the convection part and consider the ODE,
(1.10)
du
dt
= s(u).
A straight forward calculation shows that,
dρα
dt
= 0 and
dα
dt
= 0, α ∈ {i, e}.
which implies source terms are Ω-invariants. Also, not all the component of u have source terms.
Considering only the components which have source terms by defining, u1 = {vi,ve,E},
du1
dt
= s1(u1),with s1(u1) =

1
lˆr
(E + vi ×B)
−m
lˆr
(E + ve ×B)
− 1
λˆ2d lˆr
(riρivi + reρeve)
 .
Also, if
E¯ =
ρiv
2
i + ρev
2
e + λˆ
2
dE
2
2
,
then a simple calculation shows that,
dE¯
dt
= 0.
Furthermore, one eigenvalue of jacobian ∂u1s1(u1) is zero and all other eigenvalues are purely
imaginary (see [9, 21] ). 
As system is hyperbolic, solutions may develop discontinuities in finite time. To, choose
physically meaningful solution, we supplement (1.3) with additional admissible criteria known
as the entropy condition. Following [12], we introduce fluid entropies,
(1.11) eα = − ραsα
γ − 1 with sα = log pα − γ log ρα, α ∈ {i, e}.
Now we have following entropy stability:
Lemma 1.3. The smooth solutions of (1.3) satisfies,
(1.12) ∂teα +∇ · qα = 0, qα = vαeα.
Furthermore, the weak solutions of (1.3) will satisfies the entropy inequality,
(1.13) ∂teα +∇ · qα ≤ 0.
Proof. The proof follows from the observation that the source terms do not effect pressure evo-
lution. For smooth solutions, we have,
(1.14) ∂tpα + γpα∇ · vα + vα · ∇pα = 0.
Combining this with density advection we arrives at (1.12) for smooth solutions. For non-smooth
solutions (1.12) implies (1.13). See [12] for more details.

Remark 1.4. We note that (1.13) can be used to derive energy estimates for (1.3). We refer to
[12] for further details.
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Numerical methods to solve (1.3) are based on the finite volume methods [11]. These methods
are based on the evolving the cell averages of the conservative variables in time by approximating
the flux through the cell interfaces. The higher order accuracy in space can be obtained by
reconstructing the solution using interpolation procedure based on TVD limiters, ENO and
WENO. Strong stability preserving (SSP) schemes are used for higher order accuracy in time.
Although, two fluid equations are a system of balance laws, they present significant difficulties
for these methods. These are:
• The system has stiffness in both flux and source term. In the flux, the stiffnesses are due
to high normalized speed of light cˆ and electron sound speed ae. The source is stiff in
the case of low normalized Larmor radius ( i.e. high charge to mass ratio).
• The source terms are oscillatory. So, to obtain a robust numerical scheme we need a
carefully treatment of source.
• We have shown that physically meaningful solution are Ω-invariant. In addition, entropy
stability holds with source terms. However, there is no guarantee that a general numerical
scheme will have these properties.
Due to these challenges, few numerical method exists for two-fluid equations with provable
stability. In [15], the authors derive a Roe-type Riemann solver. Time updates are performed by
treating the stiff source term implicitly and the flux terms explicitly. The resulting non-linear
equations are solved using Newton iterations. This method might be diffusive and may require
many iterations for each time step. In [9], the authors propose a wave propagation method (see
[11]) for the spatial discretization. For time updates, a second-order operator splitting approach is
used. A similar approach is taken in [13, 10], where spatial discretization is based on discontinuous
Galerkin (DG) methods and time update is based on SSP-RK methods. Both of these approaches
are easy to implement but can be computationally expensive, especially for realistic charge to
mass ratios. More recently, in [12] authors have presented entropy stable schemes for the two-
fluid equations. The source terms are treated implicitly and resulting algebraic equations are
solved exactly. However, schemes still do not guarantee the positivity of density and internal
energy.
In this article, we propose numerical schemes with following properties:
• The schemes proposed here are based on the splitting the Equation (1.3) in to flux and
source contributions. The homogeneous part contains only flux contribution and can be
discretize using the numerical scheme presented in [1, 2, 3]. In particular, we follow [3]
which ensures that the updated homogeneous solutions still preserve the positivity of
density and pressure. In Section 2.1, we present a brief overview of these schemes in the
context of two-fluid equations.
• Note that the source terms are stiff and oscillatory. So, a simple source discretization
may not preserve the positivity of density and pressure. The key contribution of this
article is to analyze explicit and implicit source discretizations and derive the conditions
under which they preserve positivity of density and pressure. This is presented in Section
2.2. In the explicit scheme case, we derive condition on time step for scheme to preserve
positivity of density and pressure (See Theorem 2.3). For implicit scheme, we have shown
that the source update preserve positivity of density and pressure unconditionally (see
Theorem 2.4). Furthermore, the implicit treatment of the source update also overcome
the stiffness due to low normalized Larmor radius.
• Combining both flux and source update via strang splitting, we show that in general any
scheme for Euler equations which preserve the positivity of density and pressure can be
extended to two-fluid equations using the source discretizations proposed here.
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The rest of the article is organized as follows: In the following Section 2, we present finite
volume schemes which preserve the positivity of density and pressure. The first part (See Section
2.1) consists of numerical schemes for homogeneous part which are simple extension of numerical
schemes of [3] for Euler equations to two-fluid equations. The critical second part (See Section
2.2) of this Section contains discretizations of the source term and related analysis. Section 3
is dedicated to the numerical experiments, where we show the robustness and efficiency of the
schemes proposed in Section 2.
2. Numerical Schemes
In this section, we will present schemes for two-fluid equations which preserve the positivity
of density and pressure. For simplicity, we will consider the Equations (1.3) in one dimension.
We still have a complete system with eighteen equations, unlike ideal MHD equations (where we
have loose equations for Bx due to divergence free condition of magnetic field). Furthermore,
source does not change when we consider one dimensional version of the Equations (1.3). So,
the extension to two and three dimensions is straight forward. 1
In finite volume methods, a piecewise constant approximation of the solution u(x, tn) at time
tn is based on the cell averages,
(2.1) wni =
1
∆x
∫ x
i+ 1
2
x
i− 1
2
u(x, tn)dx, x ∈ (xi− 12 , xi+ 12 ),
where (xi)i∈Z are the cell centers of the cells Ii = (xi− 12 , xi+ 12 ) and xi+ 12 = xi + (xi+1 − xi)/2.
For the simplicity, we will consider uniform mesh, i.e. ∆x = xi+1 − xi is same for all i ∈ Z.
As we are interested in physically meaningful solutions only, let us assume that given solution
wni ∈ Ω for all i ∈ Z. We now present schemes which ensures that wn+1i ∈ Ω. We need following
definition:
Definition 2.1 (Ω-Invariance). An update M of the given solution wni ∈ Ω, for all i ∈ Z, is
said to Ω-invariant, if updated solution wn+1i =M(wni ) belongs to Ω.
In order to approximating the solutions of (1.3), we will split flux and source. Let’s first
consider the discretization without the source term.
2.1. Discretization of the Homogeneous problem. The one dimensional homogeneous ver-
sion of (1.3) is,
(2.2) ∂tu + ∂xf
x(u) = 0,
where fx is x-component of the flux f . A first order finite volume conservative scheme for the
(2.2) is of the form,
(2.3) wn+1i = w
n
i −
∆t
∆x
(
Fx(wni ,w
n
i+1)− Fx(wni−1,wni )
)
,
where Fx : Ω×Ω→ R18 is a Lipschitz continuous, conservative numerical flux function, consistent
with fx. We will denote update (2.3) as,
(2.4) wn+1i = H1∆twni .
We will now describe the flux function Fx.
ROBUST FINITE VOLUME SCHEMES FOR TWO-FLUID PLASMA EQUATIONS 7
2.1.1. HLLC based numerical flux for two-fluid equations. As the flux fx has three independent
parts, a numerical flux for two-fluid equations will have the form,
(2.5) Fx(wl,wr) =
 Fxi (wi,l,wi,r)Fxe (we,l,we,r)
Fxm(wm,l,wm,r)
 .
Here, Fxα, α ∈ {i, e} are the numerical flux functions for Euler equations and Fm is the numerical
flux for the Maxwell’s equations. In general, we can combine any numerical fluxes of Euler
equations and Maxwell’s equations to obtain a numerical flux function two-fluid equations. Note
that the any choice of numerical flux function Fxm of the Maxwell’s equations will have no effect
on the positivity and entropy stability of the scheme (2.3) for Equations (2.2). Furthermore,
note that the Maxwell’s equations are linear. So, the Maxwell component of (2.2) can be written
as,
(2.6) ∂tum + ∂xf
x
m(um) = 0 with f
x
m(um) = A
x
mum
We will use HLLE solver for the numerical flux corresponding to fxm.
For the fluid part, we will consider the HLLC solver for the Euler equations. Let us consider
the Euler equation in one dimensions with all the components of velocity,
(2.7) ∂tu˜ + ∂xg(u˜) = 0, g(u˜) =

ρvx
ρvx2 + p
ρvxvy
ρvxvz
(E + p)vx

with u˜ = {ρ, ρvx, ρvy, ρvz, E} with equation of state given by (1.2). The HLLC numerical flux
for the Euler equation is based on the approximate Riemann solver containing two intermediate
states, i.e. given sates w˜l and w˜r, we consider the solution of the form,
(2.8) w˜(x, t) =

w˜l, if bl > 0,
w˜∗l , if bl ≤ 0 ≤ b∗,
w˜∗r , if b
∗ ≤ 0 ≤ br,
w˜r if br < 0.
To calculate states w˜∗l,r, we will use Rankine-Hugoniot conditions across the discontinuities.
Clearly, there are more unknowns than the number of equations. To overcome this, we introduce
additional conditions, which are satisfied by the exact solution.
First note that for the tangential velocity components we have,
vy∗l = v
y
l , v
y∗
r = v
y
r ,
vz∗l = v
z
l , v
z∗
r = v
z
r ,(2.9)
Also, as w˜∗l and w˜
∗
r are separated by contact discontinuity, so,
p∗l = p
∗
r = p
∗,
vx∗l = v
x∗
r = v
x∗.(2.10)
It is reasonable to consider the speed of contact discontinuity to be b∗ = vx∗ (see [19]). Using
these relations, we will now derive expressions for states w˜∗l and w˜
∗
r . Note that,
(2.11) p∗l = pl + ρl(bl − vxl )(vx∗ − vxl ) and p∗r = pr + ρr(br − vxr )(vx∗ − vxr ).
Using pressure equality (2.10) over contact discontinuity,
vx∗ =
pr − pl + ρlvxl (bl − vxl )− ρrvxr (br − vxr )
ρl(bl − vxl )− ρr(br − vxr )
.
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Expression for p∗ can be found using (2.11). Now we need to obtain expression for ρ∗l and ρ
∗
r ,
which can be done by using Rankine-Hugoniot condition across the wave bl and bl. Finally the
numerical flux Gx is given by,
(2.12) Gxhllc =

g(w˜l), if bl > 0,
g(w˜∗l ), if bl ≤ 0 ≤ vx∗,
g(w˜∗r), if v
x∗ ≤ 0 ≤ br,
g(w˜r), if br < 0.
This flux is shown to have positivity preserving property (see [20]) if we take,
(2.13) bl ≤ vxl − al, and br ≥ vxr + ar.
We choose,
(2.14) bl = min (v
x
l − al, vxm − am) br = max (vxr + ar, vxm + am) .
Here, state w˜m is based on simple average on primitive variables of states w˜l and w˜r. One can also
consider Roe averages. Combining all the components, the numerical flux for the homogeneous
Equations (2.2) is given by,
(2.15) Fx(wl,wr) =
 Gxhllc(wi,l,wi,r)Gxhllc(we,l,we,r)
Fxm,hlle(wm,l,wm,r)
 .
In addition to the HLLC flux for the flow part, we will also consider HLLE and Rusanov
numerical fluxes. These fluxes also preserve positivity of density and internal energy under
suitable conditions.
2.1.2. Second order schemes for homogeneous equations. A standard method to obtain second
order of accurate schemes for (2.2) is based on piecewise linear reconstruction using cell averages
( see [11, 19] ). We will follow [18, 2, 3] and reconstruct primitive variables.
Let u be a scalar function with cell average wi on the cell Ii. Following [18], we define a
piecewise linear reconstruction function
w(x) = wi +Dwi(x− xi), x ∈ (xi− 12 , xi+ 12 ),
on each cell Ij , where we need to define slop σi. We will use MinMod limiter,
Dwi = minmod
(
wi+1 − wi
∆x
,
wi − wi−1
∆x
)
,
where,
minmod(a, b, c) =
{
sign(a) min (|a|, |b|), if sign a = sign b,
0, otherwise.
The traces of linear function on boundary of the cell Ij are,
w±i = wi ±Dwi
∆x
2
,
For the system (2.2), let wˆi’s are the primitive variables corresponding to the conservative
variable wi. Following above reconstruction procedure component-wise, we will now define the
traces, wˆ±i of wˆ. We proceeds as follows:
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ρ±α,i = ρα,i ±
∆x
2
Dρα,i,(2.16)
v±α,i = vα,i ±
ρ∓α,i
ρα,i
Dvα,i,(2.17)
±α,i = ˜α,i ±
∆x
2
Dα,i,(2.18)
with
˜α,i = α,i −
ρ+α,iρ
−
α,i
ρα,i
∆x2
8
|Dvα,i|2.
Let us denote w±i are traces of conservative variable obtained via change of variable from wˆ
±.
To obtain a positive preserving reconstruction procedure we follow [2, 1, 3] and put further
conditions on the density and velocity slops,
(2.19)
∆x
2
|Dρα,i| < ρα,i, ∆x
2
8
|Dvα,i|2 < ρα,i
ρ+α,iρ
−
α,i
(
α,i − ∆x
2
|Dα,i|
)
for α ∈ {i, e}. Under these conditions and with CFL condition of 1/4, the scheme,
(2.20) wn+1i = w
n
i −
∆t
∆x
(
Fx(wn,+i ,w
n,−
i+1 )− Fx(wn,+i−1 ,wn,−i )
)
is Ω-invariant.
Proposition 2.2. The numerical scheme (2.20) for the Equations (2.2) with Ω-invariants nu-
merical flux preserve the positivity of density and internal energy under the usual CFL conditions
1/4 if the condition (2.19) are satisifed. Furthermore, (2.20) is second order accurate in space.
Proof. See [3] for the proof. 
2.2. Discretization of the source terms. In this subsection, we will present the discretization
of the source terms. As discuss earlier, one of the challenge in discretization of two fluid equations
is presence of highly stiff and oscillatory source terms. An efficient and robust treatment of
the source is therefor necessary. This is the key contribution of this article. We will discuss
discretization of the source using both explicit and implicit schemes.
Let us consider the source ordinary differential equation,
(2.21)
dwi
dt
= s(wi).
Assume that initial data wni , is in Ω, i.e.
(2.22) ρnα,i > 0 and 
n
α,i > 0, α ∈ {i, e}.
We are interested in the discretization of (2.21), so that wn+1i is in Ω. We first consider explicit
scheme.
2.2.1. Explicit scheme. We consider the explicit discretization of (2.21). Using a standard for-
ward Euler scheme, we get,
(2.23) wn+1i = w
n
i + ∆t s(w
n
i )
We will denote this update by,
(2.24) wn+1i = Se,1∆twni
10 REMI ABGRALL AND HARISH KUMAR
Note that,
ρn+1α,i = ρ
n
α,i α ∈ {i, e}.
So, positivity of density is trivial. We will now consider positivity of internal energy. The
momentum update is,
ρn+1α,i v
n+1
α,i = ρ
n
α,iv
n
α,i + ∆t
ρnα,i
lˆαr
(
Eni + v
n
α,i ×Bni
)
,
where lˆαr = lˆr, if α = i and lˆ
α
r = − lˆrm , if α = e. This implies,
vn+1α,i = v
n
α,i + ∆t
1
lˆαr
(
Eni + v
n
α,i ×Bni
)
.
The internal energy at time tn + ∆t is,
n+1α,i = En+1α,i −
1
2
ρn+1α,i |vn+1α,i |2
= Enα,i + ∆t
ρnα,i
lˆαr
(
Eni · vnα,i
)− 1
2
ρn+1α,i
(
|vnα,i|2 + 2
∆t
lˆαr
vnα.i ·
(
Eni + v
n
α,i ×Bni
)
+
(
∆t
lˆαr
)2
| (Eni + vnα,i ×Bni ) |2

= Enα,i −
1
2
ρnα,i|vnα,i|2 −
∆t2
2|lˆαr |2
ρnα,i |
(
Eni + v
n
α,i ×Bni
) |2
= nα,i −
∆t2
2|lˆαr |2
ρnα,i |
(
Eni + v
n
α,i ×Bni
) |2
So, for internal energy to be positive we need,
nα,i >
∆t2
2|lˆαr |2
ρnα,i |
(
Eni + v
n
α,i ×Bni
) |2
i.e.
∆t <
√
2|lˆαr |2
nα,i
ρnα,i |
(
Eni + v
n
α,i ×Bni
) |2 ,
(2.25) ∆t <
√
nα,i
ρnα,i
√
2|lˆαr |
| (Eni + vnα,i ×Bni ) | .
With this restriction on time step, forward Euler scheme update (2.24) is Ω-invariant.
Theorem 2.3. The source update (2.24) is Ω-invariant if time step satisfies (2.25) for α ∈ {i, e}.
The analysis above provide exact restriction on the time step for the explicit euler update to
be Ω-invariant. The time step depend on Larmor radius, internal energy, density and electro-
magnetic force. Note that as Larmor radius decreases, source terms becomes for stiff and we
have to pick small enough time step. In addition, in the case of low internal energy ( or low
pressure), we need time step to be small. Also, the error in this case decreases internal energy
of the system.
Now we will consider the implicit scheme.
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2.2.2. Implicit scheme. The backward Euler scheme for (2.21) is,
(2.26) wn+1i = w
n
i + ∆t s(w
n+1
i ).
We need to solve the Equation (2.26) for wn+1i to update the solution. We proceed as follows:
Let us divide w in the following components,
wa = {ρi, ρe, ψ,B}>,(2.27a)
wb = {ρivi, ρeve,E}>,(2.27b)
wc = {Ei, Ee, φ}>,(2.27c)
then we can rewrite (2.26) as,
wa,n+1i = w
a,n
i ,(2.28a)
wb,n+1i = w
b,n
i + ∆tA(wa,n+1i )wb,n+1i ,(2.28b)
wc,n+1i = w
c,n
i + G(w
a,n+1
i ,w
b,n+1
i ).(2.28c)
To update wn+1i , we first needs to solve (2.28b), which is linear with matrix A(wa,n+1) is given
by,
(2.29)
0 B
z,(n+1)
rˆg
−By,(n+1)
rˆg
0 0 0
ρ
(n+1)
i
rˆg
0 0
−Bz,(n+1)
rˆg
0 B
x,(n+1)
rˆg
0 0 0 0
ρ
(n+1)
i
rˆg
0
By,(n+1)
rˆg
−Bx,(n+1)
rˆg
0 0 0 0 0 0
ρ
(n+1)
i
rˆg
0 0 0 0 B
z,(n+1)
lˆer
−By,(n+1)
lˆer
ρ
(n+1)
e
lˆer
0 0
0 0 0 −Bz,(n+1)
lˆer
0 B
x,(n+1)
lˆerrˆe,g
0
ρ
(n+1)
e
rˆe,g
0
0 0 0 B
y,(n+1)
rˆe,g
−Bx,(n+1)
rˆe,g
0 0 0
ρ
(n+1)
e
rˆe,g−ri
L
0 0 −re
L
0 0 0 0 0
0
−ri
L
0 0 −re
L
0 0 0 0
0 0
−ri
L
0 0 −re
L
0 0 0

.
Here lˆer = −lˆr/m and L = λˆ2d lˆr. So, we can solved it either exactly, or using any standard linear
solver (see [12]). The update wc,n+1i can now be easily evaluated as G ( which represent the
source term of ion and electron energies and potential φ) depend on wa,n+1i and w
b,n+1
i only.
This is because source term of energies and potential φ depends on wa and wb, not on wc.
We will denote this update as,
(2.30) wn+1i = Si,1∆twni .
We will now analyze the Ω-invariance of this update. As in the case of explicit equations,
ρn+1α,i = ρ
n
α,i.
Also,
ρn+1α,i v
n+1
α,i = ρ
n
α,iv
n
α,i + ∆t
ρn+1α,i
lˆαr
(
En+1i + v
n+1
α,i ×Bn+1i
)
.
Combining it with density update,
vn+1α,i = v
n
α,i + ∆t
1
lˆαr
(
En+1i + v
n+1
α,i ×Bn+1i
)
.
Now internal energy at tn + ∆t is,
n+1α,i = En+1α,i −
1
2
ρn+1α,i |vn+1α,i |2
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= Enα,i + ∆t
ρn+1α,i
lˆαr
(
En+1i · vn+1α,i
)− 1
2
ρn+1α,i
(
|vnα,i|2 + 2
∆t
lˆαr
vnα.i ·
(
En+1i + v
n+1
α,i ×Bn+1i
)
+
(
(∆t)2
|lˆαr |2
)
| (En+1i + vn+1α,i ×Bn+1i ) |2
)
= nα,i +
∆t
lˆαr
ρn+1α,i
(
vn+1α.i ·
(
En+1i + v
n+1
α,i ×Bn+1i
)− vnα.i · (En+1i + vn+1α,i ×Bn+1i ))
−ρ
n+1
α,i (∆t)
2
2|lˆαr |2
| (En+1i + vn+1α,i ×Bn+1i ) |2
= nα,i+
∆t
lˆαr
ρn+1α,i
(
(vn+1α.i − vnα.i) ·
(
En+1i + v
n+1
α,i ×Bn+1i
))−ρn+1α,i (∆t)2
2|lˆαr |2
| (En+1i + vn+1α,i ×Bn+1i ) |2
= nα,i +
ρn+1α,i (∆t)
2
|lˆαr |2
| (En+1i + vn+1α,i ×Bn+1i ) |2 −ρn+1α,i (∆t)2
2|lˆαr |2
| (En+1i + vn+1α,i ×Bn+1i ) |2
= nα,i +
ρnα,i(∆t)
2
2|lˆαr |2
| (En+1i + vn+1α,i ×Bn+1i ) |2 .
So, internal energy is unconditionally positive. Hence, implicit step is unconditionally Ω-invariant.
Theorem 2.4. The source update (2.30) is Ω-invariant for any ∆t > 0.
The analysis for the implicit scheme provide the exact relation between internal energy before
and after the update (2.30). We observe that internal energy is actually increased by this step.
So, we don’t need any restriction on time step for the update to be Ω-invariant. Furthermore,
note that the update is increasing the pressure and density is unchanged. So, the implicit source
update is also entropy stable. This is not the case for the explicit update (2.30).
2.3. Discretization of two fluid equations. First order schemes for (1.3) can be obtained
by combining first order numerical schemes for homogeneous part (2.4) with source terms dis-
cretizations (2.24) and (2.26) via Godunov’s splitting. In the case of explicit scheme we get,
(2.31) wn+1i = Se,1∆tH1∆twni .
This scheme will be Ω-invariant under usual CFL condition, if ∆t satisfies (2.25) for the inter-
mediate update H1∆twni (see Theorem 2.3).
If source treated implicitly, we have,
(2.32) wn+1i = Si,1∆tH1∆twni .
The scheme will be Ω-invariant under usual CFL condition as source update is unconditionally
Ω-invariant (see Theorem 2.4).
Remark 2.5. In the case of explicit schemes, the condition (2.25) has to be satisfied by H1∆twni ,
whereas we have already chosen ∆t to calculate H1∆twni and source update. To overcome this
difficulty, we put restriction (2.25) on wni and reduce ∆t slightly by choosing, ∆t = ∆t− 1/5∆t.
Note that we still check that new ∆t satisfies (2.25) for H1∆twni . If this condition is violated then
we choose smaller ∆t and again calculate H1∆twni . We remark that the solution will note change
drastically in one time step. So, the ∆t chosen above is usually sufficient.
2.3.1. Second order schemes. To obtain second order source discretization we will use SSP Runge-
Kutta schemes (see [16]) upto third order. We replace each intermediate Euler step with a first
order update. As the final update is linear combination of intermediate states with positive
coefficients, the final update will also be Ω-invariant. We will then use combine homogeneous
part with source using Strang splitting.
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Explicit schemes. Let us denote second order explicit source update with Se,2∆t and third order
explicit source update with Se,3∆t . Similarly, let H2∆t denotes update using second order Runge-
Kutta method and H3∆t denotes update using third order Runge-Kutta method with each euler
update is obtained by (2.20). We make sure that each intermediate step satisfies (2.25) by
choosing time step small enough (see Remark 2.5).
Using the Strang splitting we consider two second order explicit scheme:
• O2-222-exp scheme
(2.33) wn+1i = Se,2∆t
2
H2∆tSe,2∆t
2
wni .
• O2-333-exp scheme
(2.34) wn+1i = Se,3∆t
2
H3∆tSe,3∆t
2
wni .
We have,
Theorem 2.6. The second order schemes (2.33) and (2.34) are Ω invariant with CFL 1/4 if
intermediate states satisfies there respective time step condition.
Implicit-Explicit schemes. Similar to the explicit case we consider second order implicit source
updates Si,2∆t based on RK2 and third order implicit source update, Si,3∆t based on RK3, with
euler step replace by, (2.26). Combining ,the homogeneous and source parts via Strang splitting
we consider following schemes:
• O2-222-imex scheme
(2.35) wn+1i = Si,2∆t
2
H2∆tSi,2∆t
2
wni .
• O2-333-imex scheme
(2.36) wn+1i = Si,3∆t
2
H3∆tSi,3∆t
2
wni .
These scheme are robust in the following sense:
Theorem 2.7. The second order numerical schemes (2.35) and (2.36) are Ω invariant if homo-
geneous operators are Ω invariant.
3. Numerical Experiments
In this Section, we consider three numerical examples to demonstrated the accuracy, robust-
ness and efficiency of the schemes presented so far.
3.1. Convergence rates. The first numerical experiment is used to check the numerical order
of accuracy of the schemes. We set initial and boundary conditions, in such a way that we have
exact solution of two fluid equations. We consider the domain [0, 1] with periodic boundary
conditions. Initial densities are chosen to be ρi = ρe = 2.0+sin (2pix). We consider the flow with
constant velocities vxi = v
x
e = 1.0 in x-direction, at constant pressure pi = pe = 1.0. We take
initial magnetic field By = sin (2pix) and electric field Ez = − sin 2pix. All other components of
velocities, magnetic field and electric field are set to be zero. If we take mass ratio m = 1.0 then,
these conditions will give us the exact solution,
ρi = ρe = 2.0 + sin (2pi(x− t)).
However, with the mass ratio of 1.0, source terms will be zero. To avoid this situation, we
consider mass ratio to be 2.0 and compensate by modifying the equations. So, instead of (1.3),
we will simulate,
ut +∇ · f(u) = s(u) +R(x, t).
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Figure 1. Rate of convergence plots
where R(x, t) is,
{013,−(2 + sin 2pi(x− t))), 0, 0, 2 + sin 2pi(x− t)), 0}>.
Numerical rates of convergence for L1 errors for ion-density are plotted in Figure 1. In Figure
1(a) we have compared rates of convergence for different solvers using O2-333-exp scheme. We
observe that all the solvers have second order of convergence. In addition, the Rusanov solver
is most diffusive, followed by HLLE and HLLC solver. We conclude that HLLC solver is most
accurate, which was expected.
In Figure 1(b), we have used HLLC solver and compared the L1-errors of time stepping
methods O2-222-exp, O2-222-imex, O2-333-exp and O2-333-imex. All these methods have similar
errors and have second order of convergence.
3.2. Soliton Propagation. In two-fluid plasma, evolution and interaction of solitons is simu-
lated in [12, 4, 6, 5, 9]. In these articles, an initial density hump is used produce ion-acoustics
solitons. Following [12], we consider an initial ion density to be,
ρi = 1.0 + exp (−25.0|x− L/3|),
with L = 12. The electron pressure is taken to be pe = 5ρi. The ion pressure is 1/100th of
electron pressure. We consider mass-ratio m = 25.0. The computational domain considered is
D = (0, L) with periodic boundary conditions. Initially, plasma is at rest and all electromagnetic
quantities are considered to be zero. Normalized Debye length is taken to be 1.0. We will
consider Larmor radii of 0.01, 0.0001 and 10−6, in increasing order of stiffness of the source. All
the simulations presented in this subsection are simulated on 8 cores.
First, we will compare different numerical fluxes. In Figure 2, we have plotted the results for
HLLC, HLLE and Rusanov solvers with lˆr = 0.01 using O2-333-imex scheme on 3000 cells. In
Figure 2(a), we have plotted the evolution of ion-density at non-dimensional time t = 1, 2, 3, 4
and 5. All the solvers captures soliton formation and there nonlinear interactions, successfully.
In Figure 2(b), we have plotted the ion-density at t = 5.0. We have also plotted the reference
solution which was computed using 20000 cells. We observe that HLLC solvers is more accurate
then HLLE and Rusanov solvers. HLLE and Rusanov solver have similar accuracy. This is
further evident from Figure 2(c) where we have zoomed in at x = 4.0.
When compared to simulation performed in [12, 9], we note that our schemes are more dif-
fusive. In fact, both wave propagation algorithm of [9] and entropy stable schemes of [12] are
better at capturing small scale oscillations. However, we are using MinMod limiter compared
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Figure 2. Soliton Propagation: Evolution of solitons with Larmor radius of
0.01 using 3000 cells and O2-333-imex time stepping method. We compare
results with HLLC, HLLE and Rusanov numerical fluxes. Reference solution
was computed using HLLC solver with o2-333-imex scheme on 20000 cells.
to the MC limiter of [9]. Also, [9] uses fourth order time-stepping to resolve source effects. We
would also like to point that the solutions with HLLC solvers is on par with [9] and better then
[12] at capturing the stationary hump at x = 4.0.
In Figures 3 and 4, we have plotted results for lˆr = 10
−4 and lˆr = 10−6 respectively. Again
from Figures 3(a) and 4(a), we observe that all the solvers capture solution waves and there
interactions accurately. Furthermore, HLLC solver is more accurate then the HLLC and Rusanov
solvers (see Figs. 3(b) and 4(b)).
As HLLC solver found to be most accurate, in the following simulation we will use it to
compare our time-stepping schemes, namely, O2-222-exp, O2-222-imex, O2-333-exp and O2-333-
imex. We will again consider three different values of lˆr, 10
−2, 10−4 and 10−6.
Numerical results for the case of 10−2 are presented in Figure 5. We use HLLC solvers
on 3000 cells and compare the results for O2-222-exp, O2-222-imex, O2-333-exp and O2-333-
imex schemes. In Figure 5(a), we note that all the schemes captures the soliton interactions.
Furthermore, solutions of all the schemes are comparable (see Figure 5(b)). After zooming at
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Figure 3. Soliton Propagation: Evolution of solitons with Larmor radius of
0.0001 using 3000 cells and O2-333-imex time stepping method. We compare
results with HLLC, HLLE and Rusanov numerical fluxes. Reference solution
was computed using HLLC solver with o2-333-imex scheme on 20000 cells.
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Figure 4. Soliton Propagation: Evolution of solitons with Larmor radius of
10−6 using 3000 cells and O2-333-imex time stepping method. We compare
results with HLLC, HLLE and Rusanov numerical fluxes. Reference solution
was computed using HLLC solver with o2-333-imex scheme on 20000 cells.
x = 4.0 we note that explicit schemes are slightly less diffusive than IMEX schemes. There is
no difference in O2-222-exp and O2-333-exp schemes. Similarly, solutions of O2-222-imex and
O2-333-imex schemes are on the top of each others.
Similar results are obtained for the case with lˆr = 10
−4 (see Figure 6). However, when
we consider lˆr = 10
−6, it is not possible to compute for the explicit schemes. So, we have
plotted results for IMEX schemes only (see Figure 7). The results also compare well with the
corresponding simulations in [12].
The interesting part of these comparisons is simulation time of the schemes. Note that,
as Larmor radius lˆr decreases, stiffness of source increases and IMEX schemes become more
efficient than explicit schemes. In Table 1, we have presented simulation times of each schemes.
At lˆr = 10
−2 the source is not stiff. So, simulation time of explicit and IMEX schemes is similar.
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(c) Ion density at non-dimensional time of t = 5 using O2-222-exp, O2-
222-imex, O2-333-exp and O2-333-imex schemes. Zoomed at x = 4.0
Figure 5. Soliton Propagation: Evolution of solitons with Larmor radius of
10−2 using 3000 cells and HLLC solver. We compare results for O2-222-exp,
O2-222-imex, O2-333-exp and O2-333-imex time stepping. Reference solution
was computed using HLLC solver with o2-333-imex scheme on 20000 cells.
lˆr 10
−2 10−4 10−6
O2-222-exp 140.9 2283.2 -
O2-222-imex 134.5 133.9 134.9
O2-333-exp 214.3 208.3 -
O2-333-imex 202.5 201.9 201.1
Table 1. Simulation time of soliton evolution with different schemes
At lˆr = 10
−4 stiffness has increase. We note that O2-222-exp scheme is highly inefficient, whereas
all other schemes take similar simulation time. We observe that O2-333-exp is more efficient than
O2-222-exp. At lˆr = 10
−6 both explicit schemes are highly inefficient. In fact, we were not able
to commute solution using them. On the other hand IMEX schemes take same computational
time for all the values of lˆr. This shows the efficiency of the IMEX schemes with respect to the
stiff source.
As we have already seen that HLLC solver is most accurate, we will only use HLLC solvers in
next Sections. Furthermore, we will also consider only O2-333-exp and O2-333-imex schemes for
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Figure 6. Soliton Propagation: Evolution of solitons with Larmor radius of
10−4 using 3000 cells and HLLC solver. We compare results for O2-222-exp,
O2-222-imex, O2-333-exp and O2-333-imex time stepping. Reference solution
was computed using HLLC solver with o2-333-imex scheme on 20000 cells.
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(a) Ion-density at non-dimensional time of t =
1, 2, 3, 4 and 5 using O2-222-exp, O2-222-imex, O2-
333-exp and O2-333-imex schemes.
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(b) Ion-density at non-dimensional time of t = 5
using O2-222-exp, O2-222-imex, O2-333-exp and
O2-333-imex schemes. Reference solution is also
plotted for comparison.
Figure 7. Soliton Propagation: Evolution of solitons with Larmor radius of
10−6 using 3000 cells and HLLC solver. We compare results for O2-333-exp
and O2-333-imex time stepping. Reference solution was computed using HLLC
solver with o2-333-imex scheme on 20000 cells.
computations, to provide fare comparison between explicit and IMEX schemes, as O2-222-exp is
very inefficient.
3.3. Soliton Propagation in 2D. Soliton formation in two dimension is simulated in [5, 12].
These simulations are generalization of simulations presented in previous Section. Following [12],
we consider the initial ion-density profile,
(3.1) ρi = 1 + 5 exp (−500((x− xe/2)2 + (y − ye/2)2))
where xe = ye = 2. The domain is consider to be (0, xe) × (0, ye) with Neumann boundary
conditions. All other initial conditions are same as in the one-dimensional case. We consider two
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(a) Ion-density at non-dimensional time of t =
0, 0.09, 0.21 and 0.3 using O2-333-exp and HLLC
solver.
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(b) Ion-density at non-dimensional time of t = 0.3
using O2-333-exp and O2-333-imex schemes. Cut
at x = 1.0
Figure 8. Soliton Propagation in 2D: Evolution of solitons with Larmor radius
of 10−2 using 100× 100 cells and HLLC solver. We compare results for O2-333-
exp and O2-333-imex time stepping.
(a) Ion-density at non-dimensional time of t =
0, 0.09, 0.21 and 0.3 using O2-333-exp and HLLC
solver.
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(b) Ion-density at non-dimensional time of t = 0.3
using O2-333-exp and O2-333-imex schemes. Cut
at x = 1.0
Figure 9. Soliton Propagation in 2D: Evolution of solitons with Larmor radius
of 10−4 using 100× 100 cells and HLLC solver. We compare results for O2-333-
exp and O2-333-imex time stepping.
cases: lˆr = 10
−2 and lˆr = 10−4. All the simulations are perfumed on 8 cores using 100 × 100
cells.
Numerical results are presented in Figures 8 and 9. In Figure 8(a) we have plotted the time
evolution of the solitons with lˆr = 10
−2 using HLLC solver and O2-333-exp scheme. We observe
that dispersion wave is moving outward as time increases, similar to the 1D case. Similar behavior
is observed in Figure 9(a) with lˆr = 10
−4. Comparison of ion-density using O2-333-exp and O2-
lˆr 10
−2 10−4
O2-333-exp 24.1 395.88
O2-333-imex 21.9 21.6
Table 2. Simulation time of soliton evolution in two dimensions with different schemes
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333-imex is plotted in Figure 8(b) and 9(b) for lˆr = 10
−2 and lˆr = 10−4 respectively. Similar
to the 1D case we observe that IMEX scheme is slightly more diffusive then explicit scheme.
The simulations time of the simulations are given in Table 2. We again note that IMEX scheme
O2-333-imex is more efficient than explicit scheme O2-333-exp at lˆr = 10
−4.
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Figure 10. Generalized Brio-Wu Shock tube Problem: Comparison of Ion-
density using O2-333-exp and O2-333-imex schemes. We use HLLC solvers with
10016 cells with lˆr = 100. We have also plotted corresponding Euler fluid flow
and ideal MHD solutions. Solution is close to the Euler fluid flow.
3.4. Generalized Brio-Wu shock tube Riemann problem. The Riemann problem is gen-
eralization of Brio-Wu shock tube Riemann problem for ideal MHD. We consider following left
and right states as initial conditions:
ρi pi ρe pe B
x By
left 1.0 5× 10−5 1.0/m 5× 10−5 0.75 1.0
right 0.125 5× 10−6 0.125/m 5× 10−6 0.75 −1.0
on the computational domain (0, 1) with Neumann boundary conditions. All other variables are
set to zero. The initial discontinuity is at x = 0.5. We take realistic ion-electron mass ratio to be
1836. We non-dimensionalize the equations with reference pressure p0 = 10
−4. Non-dimensional
Debye length is taken to be 0.01. We compute solutions by varying non-dimensional Larmor
radius lˆr between 100 and 0.001. When lˆr is high, source terms do not effect fluid flows, so we
expect solution close to Euler fluid flow. As lˆr is decreased, source terms starts to effects the
flow and we starts to observe two fluid effects. As lˆr tends to zero, we expect solution to come
close to ideal MHD solution. This example will test the ability of the schemes to capture full
spectrum of physics from pure fluid flow to two-fluid flow to ideal MHD. All the simulations are
performed on 32 computational cores.
Results of simulations are presented in Figures 10, 11, 12, 13 and 14. For comparison we
have also plotted corresponding Euler fluid flow and ideal MHD solutions. In Figure 10, we
have plotted ion density for lˆr = 100 on 10016 cells. In this case, source has no effect on the
solution and flow behaves as pure fluid flow. Solutions for both O2-333-exp and O2-333-imex
schemes are on the top of each other. Simulation time for O2-333-exp was 1421.11 seconds and
for O2-333-imex was 1360.23 seconds. Hence both the schemes have similar performance.
In Figure 11, we have plotted solutions for lˆr = 1.0 on 10016 cells. In this case, we are
in two-fluid regime and source effects on the solutions are evident. In Figure 11(a), we have
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(a) Generalized Brio-Wu Shock tube Problem: Comparison of Ion-density using O2-333-
exp and O2-333-imex schemes at non dimensional time t = 0.1.
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(b) Generalized Brio-Wu Shock tube Problem: Comparison of Electron number density
using O2-333-exp and O2-333-imex schemes at non dimensional time t = 0.1.
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(c) Generalized Brio-Wu Shock tube Problem: Comparison of Ion and Electron number
densities using O2-333-exp at non dimensional time t = 0.1.
Figure 11. Generalized Brio-Wu Shock tube Problem: Comparison of O2-
333-exp and O2-333-imex schemes. We use HLLC solvers on 10016 cells with
lˆr = 1.0. We have also plotted corresponding Euler fluid flow and ideal MHD
solutions. Solution is in Two-fluid regime and we can observe two-fluid effects.
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(a) Generalized Brio-Wu Shock tube Problem: Comparison of Ion-density using O2-333-
exp and O2-333-imex schemes at non dimensional time t = 0.1.
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(b) Generalized Brio-Wu Shock tube Problem: Comparison of Electron number density
using O2-333-exp and O2-333-imex schemes at non dimensional time t = 0.1.
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0
0.2
0.4
0.6
0.8
1
1.2
1.4
x
Comparison of Ion and electron number density
 
 
Euler
MHD
Ion Number Density
Electron Number Density
(c) Generalized Brio-Wu Shock tube Problem: Comparison of Electron and Ion number
densities using O2-333-exp scheme at non dimensional time t = 0.1.
Figure 12. Generalized Brio-Wu Shock tube Problem: Comparison of O2-
333-exp and O2-333-imex schemes. We use HLLC solvers on 10016 cells with
lˆr = 0.1. We have also plotted corresponding Euler fluid flow and ideal MHD
solutions. Solution is in Two-fluid regime and we can observe two-fluid effects.
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(a) Generalized Brio-Wu Shock tube Problem: Comparison of Ion-density using O2-333-
exp and O2-333-imex schemes at non dimensional time t = 0.1.
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
1.1
x
Ele
ctro
n N
um
ber
 De
nsi
ty
Comparison of explicit and IMEX schemes
 
 
Euler
MHD
O2−333−exp
O2−333−imex
(b) Generalized Brio-Wu Shock tube Problem: Comparison of Electron number density
using O2-333-exp and O2-333-imex schemes at non dimensional time t = 0.1.
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(c) Generalized Brio-Wu Shock tube Problem: Comparison of Electron and Ion number
densities using O2-333-exp scheme at non dimensional time t = 0.1.
Figure 13. Generalized Brio-Wu Shock tube Problem: Comparison of O2-
333-exp and O2-333-imex schemes. We use HLLC solvers on 50016 cells with
lˆr = 0.001. At this resolution all the MHD waves and additional two-fluid effects
are resolved.
24 REMI ABGRALL AND HARISH KUMAR
compared the Ion-densities of the two schemes. We note that the O2-333-imex scheme is slightly
more diffusive than O2-333-exp scheme, similar to results we have observe in the case of soliton
simulations. In Figure 11(b), we observe the similar behavour of the two schemes, where we have
compared electron number densities. Electron number density was computed by multiplying
electron density with ion-electron mass ratio. To compare the ion and electron number densities,
we have plotted them in Figure 11(c) using O2-333-exp scheme. Both ion and electron number
densities are away from pure fluid flows and ideal MHD case. Furthermore, number densities
are close to each other, but the profile differs as fluid is still not quasi-neutral. These results are
similar to simulation in [9]. The performance of the explicit scheme O2-333-exp is comparable
to the wave propagation schemes in [9]. The simulation time for O2-333-exp was 1240.5 second
and for O2-333-imex was 1198.6 seconds.
Figure 12 has the solutions corresponding to the Larmor radius lˆr = 0.1 on 10016 cells. Here,
we have compared ion-densities and electron number densities for the O2-333-exp and O2-333-
imex schemes ( see Figure 12(a) and 12(b)). Again, we observe that IMEX scheme is slightly
more diffusive than explicit scheme. In addition, from Figure 12(c) we note that number densities
of ion and electron are much closer than the previous case and fluid appears to be quasi-neutral.
Also number densities have moved closer to MHD solution. At this resolution simulation time for
O2-333-exp was 1232.9 second and for O2-333-imex was 1197.8 seconds, which are comparable.
To simulate flow close to MHD regime, we further decrease the Larmor radius and consider
lˆr = 0.001. At this level we expect many small scale oscillations in the solution. To capture all
the waves and oscillations we take 50016 cells (see [9, 12]). In Figure 13(a), we have compared
ion densities from both schemes. Both O2-333-exp and O2-333-imex are able the resolve small
scale oscillations and MHD waves, however explicit scheme is better at resolving the solutions.
We observe similar situation in Figure 13(b). Number densities for O2-333-exp are compared
with Euler and MHD simulation in Figure 13(c). We note solution has converged to the MHD
case and only difference is small scale oscillation which are presented due to the very stiff source
terms and they represent two-fluid physics at this scale. The simulations times for this case are
75022.7 seconds and 72853.1 seconds for O2-333-exp and O2-333-imex schemes, respectively.
Although, we are able to capture all the two-fluid effects using the highly resolved mesh, the
computational costs was very high. Furthermore, it might not always be desirable to capture
all the small scale oscillations. So, we need to have stable method where we can compute using
coarser mesh and still get the reasonable results. However, at the lower resolutions when we use
HLLC flux for each fluid component simulations becomes unstable. To overcome this difficulty
we treat whole fluid part as one system and use HLLE solver for it. This implies replacing HLLE
speeds for the ion fluid with that of electron fluid (which are much faster) and amount to adding
further diffusion to the solver. We will represent this solver with mod-HLLE solver. Note that
this solver still guarantees Ω-invariance of the scheme as speeds still satisfies required conditions.
This solver is very Robust at low resolutions.
In Figure 14, we have plotted the results using mod-HLLE solver on 1024 cells for lˆr = 0.001.
We note that both O2-333-exp and O2-333-imex are still able to capture MHD effects and
additional two-fluid effects have been diffused. Again, explicit scheme is slightly better than
IMEX scheme. At this resolution simulation time is dictated by the source terms. Hence IMEX
schemes are more efficient. The computational time for O2-333-exp 50.13 seconds and for O2-
333-imex it is 21.85. Hence IMEX schemes are at least twice as fast as the explicit schemes.
4. Conclusion
We have designed Ω-invariant schemes for the two-fluid plasma flow equations. For the explicit
schemes we have obtained exact condition on time step for solution to be Ω-invariant. As source
terms can be stiff we have proposed IMEX schemes. For IMEX schemes we show that source
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(a) Generalized Brio-Wu Shock tube Problem: Comparison of Ion-density using O2-333-
exp and O2-333-imex schemes at non dimensional time t = 0.1.
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(b) Generalized Brio-Wu Shock tube Problem: Comparison of Electron number density
using O2-333-exp and O2-333-imex schemes at non dimensional time t = 0.1.
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
1.1
x
Comparison of Ion and electron number density
 
 
Euler
MHD
Ion Number Density
Electron Number Density
(c) Generalized Brio-Wu Shock tube Problem: Comparison of Electron and Ion number
densities using O2-333-exp scheme at non dimensional time t = 0.1.
Figure 14. Generalized Brio-Wu Shock tube Problem: Comparison of O2-333-
exp and O2-333-imex schemes. We use mod-HLLE solvers on 1024 cells with
lˆr = 0.001. At this resolution we ave resolved all the MHD waves and additional
two-fluid effects are not seen.
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discretzation is unconditionally Ω-invariant. These schemes are then applied to a set of numerical
experiments to demonstrate robustness of these schemes. We observe that IMEX schemes are
more diffusive than the explicit schemes. However for the low Larmor radius cases IMEX schemes
are shown to highly efficient.
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